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The Hylleraas-B-splines basis set is introduced in this paper, which can be used to obtain the
eigenvalues and eigenstates of helium-like system’s Hamiltonian. Comparing with traditional B-
splines basis, the rate of convergence of our results has been significantly improved. Through
combine this method and pseudo-states sum over scheme, we obtained the high precision values of
static dipole porlarizabilities of the 11S−51S, 23S−63S states of helium in length and velocity gauges
respectively, and the results get good agreements. The final extrapolate results of porlarizabilities in
different quantum states arrived eight significant digits at least, which fully illustrates the advantage
and convenience of this method in the problems involving continuous states.
I. INTRODUCTION
The accurate calculations and experimental measure-
ments of physical effects for helium led to a sustained
attention because of its many applications. For instance,
compared with hydrogen, the 2P state of helium has a
longer life-time which can be used for the more precise
determination of the fine-structure constant [1][2][3][4].
On the other hand, high accuracy results of oscillator
strengths and polarizabilitiers of helium could give out
the response of helium to the external field, and provide
a new route to test the non-relativity quantum electro-
dynamics(NRQED) [5][6][7].
Helium as a three-body system, its eigenvalue prob-
lem does not have an analytic expression. To get the
high precision approximations, the Rayleigh-Ritz varia-
tional method is usually adopted. The basic idea of vari-
ational calculations is to construct one convenient and
efficient basis set which could contain some optimized
parameters and should be nearly-completeness when the
number of basis vector is large enough. In 1929, Hyller-
aas got a successful attempt in the calculation of the
energy levels of helium due to he accounted for the cor-
relation between the two electrons in helium and con-
structed Hylleraas-type basis set [8]. The effectiveness of
this basis set aroused interests of numerous researchers,
as an outstanding review, Drake’s article showed us the
stories of Hylleraas-type development [9]. On the way of
solving the atomic calculation problems in different as-
pects, the researchers developed a number of excellent
basis sets. For instance, the doubled Hylleraas basis set
can effectively enhance the convergence rate of energy
levels of the Rydberg states of helium [10]; the Hylleraas-
Gaussian basis set can be used to accurately calculate
the lower energy levels of helium in strong magnetic field
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[11]; through explicitly including powers of logarithmic
and half-integral terms in Hylleraas basis set, the varia-
tional non-relativistic energy level of the ground state of
Helium can even achieved up to 36 digits [12].
The variational method we have mentioned above is
usually not considered for the continuum states, but
when one wants to study the polarizabilities of an atom,
or to calculate the energy levels shift when it comes to
some higher-order QED correction items, the continuum
states should be carefully considered. For this situation,
the idea of pseudo-states is concise and effective. In the
article [13], Drake and Goldman gave an exquisite treat-
ment of the continuum states. However, we adopt the
following ideas. In our calculation scheme, first we put
the atom in one limited-size, non-penetrable box, so the
Hamiltonian spectrum is discrete. In this case, we can
get the values of the physical effects which we are inter-
ested (contains the contribution of the positive energy
state to it). Then we let the size of the box gradually
increased, what we could expect is that when the box
is large enough, the result we get should be close to the
exact value of the nature sufficiently.
In order to utilize the pseudo-states concept, we should
find one proper basis set which is generated in a finite-size
space. In the various basis sets which are usually adopted
in atomic and molecular calculation, the B-splines ba-
sis set has the good performance [14][15]. As every B-
spline in this basis set is high local and generated in one
finite-size box, so to combine this type basis set with the
pseudo-states concept is natural. By utilizing the concept
of the pseudo-states, the dipole polarizabilities of helium
have been studied in details by using the B-splines ba-
sis set [16][17]. By analysing the data in this articles,
we find that due to the B-spines basis set doesn’t reflect
the behaviour of near region of the two electrons, the
calculation of porlarizabilitis requires rather large num-
ber of partial waves. The accuracy of the results using
the B-splines basis is less accurate than the one using
Hylleraas-type basis. In order to improve the flexibil-
ity of B-splines in the calculation of helium, by coupling
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2the correlated term r12 = |~r1 − ~r2| to the traditional
B-splines basis set, we constitute a more effective basis
set, called Hylleraas-B-splines (H-B-splines, see expres-
sion (2)). The H-B-splines basis set inherits the virtues
of the traditional B-splines, and it does not suffer from
the numerical linear-dependence problem. Because of the
correlated term directly appears in the H-B-splines basis,
the rate of convergence of partial waves improved greatly.
In this article, we calculated the energy levels and
static dipole porlarizabilitis of the 11S − 51S and 23S −
63S of helium using H-B-splines basis. In the results
of energy levels, for the ground state which is an obvi-
ous bottleneck to be precisely calculated by traditional
B-splines basis, our result convergent to 11 significant
digits rapidly. For the calculation of static dipole porlar-
izabilitis, although the energy levels of the initial states
are not as precise as one get from Hylleraas basis, as the
H-B-splines basis has the more satisfactory capacity to
simulate the entire intermediate energy levels, the results
of static dipole porlarizabilitis of helium in our calcula-
tion arrived 8 significant digits at least in length gauge.
More details numerical results are arranged in the section
III. Atomic unites is used throughout in this paper.
II. THEORETICAL METHOD
A. HYLLERAAS-B-SPLINES
Helium is a three-body system which consists of one
nucleus of charge 2e, mass M and two electrons of charge
−e, mass m. Its reduced non-relativistic Hamiltonian is
H =
∑
i
(
− 1
2µ
~∇2i −
1
ri
)
− 1
M
~∇1 · ~∇2 + 1
r12
, (1)
where µ = mM/(m + M) is the electron reduced mass,
ri is the distance between the i-th electron and nucleus,
r12 is the distance of two electrons. For simplicity, we set
the M to be infinite in our calculations.
To use the Rayleigh-Rize variational method, by cou-
pling the r12 and B-splines basis, we construct the H-B-
splines basis set as below
{Φijcl1l2 =Bi,k (r1)Bj,k (r2) rc12
ΛLMl1l2 (rˆ1, rˆ2)± exchange} (0, rmax) .
(2)
Here ΛLMl1l2 is the vector coupled product of angular mo-
menta l1, l2 for the two electrons
ΛLMl1l2 (rˆ1, rˆ2) =
∑
m1,m2
〈l1l2m1m2 | LM〉
Yl1m1(rˆ1)Yl2m2(rˆ2) ,
(3)
and the rest parts are consisting of B-splines functions
Bi,k(r) [18] and correlated term r12. The i, k denote
the serial number and the order of Bi,k(r) respectively,
the shape of the function Bi,k(r) is depend on the non-
decreasing knots sequence {tk} and its order. The rmax
is the size of the box, which leads the B-splines are gen-
erated in a finite space.
The B-splines satisfy the recursive relation
Bi,k(r) =
r − ti
ti+k−1 − tiBi,k−1(r)+
ti+k − r
ti+k − ti+1Bi+1,k−1(r),
(4)
together with the definition of B-splines of order k = 1{
Bi,k(r) = 1 ti ≤ r < ti+1,
Bi,k(r) = 0 otherwise.
(5)
In the calculation of helium, the exponential sequence
always be used
λi = rmin + (rmax − rmin)e
γ( i−1n−1 ) − 1
eγ − 1 . (6)
It’s convenient to set γ = α×rmax. To satisfy the bound-
ary conditions of the wave functions of helium, the knots
sequence should be arranged as below:
ti = 0 i = 1, 2, . . . , k − 1,
ti = rmax
eγ(
i−k
N−k+1 ) − 1
eγ − 1 i = k, k + 1, . . . , N,
ti = rmax i = N + 1, . . . , N + k − 1.
(7)
If the rmax, knots sequence, order k and total number
N of B-splines have been determined, the basis set of
H-B-splines is completely constructed.
In the choice of parameters i, j, c, l1, l2, we restrict c
to less than two, therefore the polynomials of cos θ from
correlated terms will not directly present in basis set,
which means that the correlated terms are not in conflict
with the freedom of the choice of l1, l2, so the parameters
should be arranged as bellow,
i = 1, 2, . . . , j,
j = 1, 2, . . . , N,
c = 0, 1,
l1 = 0, 1, . . . , lmax,
l2 = 0, 1, . . . , lmax.
(8)
As the wave function must be anti-symmetric about the
index of two electrons, the term which leads the normal
of Φijcl1l2 to be zero must be eliminated.
3B. POLARIZABILITY
The averaged static 2l-pole polarizability for an atom
is defined as
αl =
∑
n 6=0
f
(l)
n0
(En − E0)2 , (9)
where f
(l)
n0 is the averaged 2
l-pole oscillator strength de-
fined by
f
(l)
n0 =
8pi
(2l + 1)2(2L+ 1)
(En − E0)∣∣∣∣∣
〈
ψ0
∥∥∥∥∥∑
i
rliYlm(rˆi)
∥∥∥∥∥ψn
〉∣∣∣∣∣
2
.
(10)
the i denotes the serial number of electrons in an atom,
En and ψn denote the intermediate energy levels and
corresponding states, E0 and ψ0 denote the eigenvalue
and the associated eigenstate which we interested.
For dipole polarizability, using the commutation rela-
tion
(En − E0)〈0|~ri|n〉 =
〈0|[~ri, H]|n〉 = −i〈0|~pi|n〉, (11)
one can get another form (velocity gauge) of the averaged
dipole oscillator strength as below
f
(1)
n0 =
8pi
(2l + 1)2(2L+ 1)(En − E0)∣∣∣∣∣
〈
ψ0
∥∥∥∥∥
√
3
4pi
∑
i
~p1 · ~em
∥∥∥∥∥ψn
〉∣∣∣∣∣
2
,
(12)
where ~em denotes the three unit vectors with m = 0,±1
defined by
~e±1 = ∓ 1√
2
(~ex ± ~ey), ~e0 = ~ez (13)
In different gauges, the polarizabilities must be the
same value for the same state. Therefore, we calculate
in two gauges respectively, and through the relative dif-
ference of two gauges to ensure the correctness of our
results, which defined by
η = 2 · |a− b|
a+ b
, (14)
where a, b are the results from two gauges respectively.
III. RESULTS AND DISCUSSIONS
Figure 1 presents the convergence test of the polar-
izabilities of 23S of helium as the size of the box rmax
FIG. 1: Convergence of the polarizabilities of 23S of helium
as the size of the box rmax increasing, the lmax = 1, N = 50.
The black points represent the results which we calculated.
Units are in a.u.
increased. In this calculations, we set the number of the
partial waves, lmax, equal to one, the γ = 0.038.
From the Figure 1, we could see the variation tendency
of polarizablities, that is, when we increase the rmax up
to about 30 a.u., the curve is quite flat. In our calcula-
tion, we set rmax = 200 a.u., since the interested states
51S and 63S have comparable high principle quantum
number.
A. ENERGY LEVELS
Table I shows the convergence of the energy of state
11S, with different partial wave l along with an increas-
ing N . Our extrapolated value is E = −2.9037243770(1),
4 significant digits better than E = −2.903724268 get-
ting from B-splines basis [19] using lmax = 16 . As we
have mentioned the improve of the rate of convergence of
partial waves compare with using the B-splines basis, our
results reach up to the same significant digits in B-splines
basis using lmax = 16 just need using lmax = 1, which
shows the effectiveness of the addition of the correlated
term. The extrapolated results of 23S state and the other
states are listed in Table II. A comparation with other
results are also presented.
As can be seen in Table II, comparing with B-splines
basis (third column), the accuracy of our results is signif-
icantly improved. The results are excellently agree with
the other high accuracy results which getting from the
exponential correlated Hylleraas basis (fourth column)
and doubled Hylleraas basis (fifth column) respectively.
Not only for the ground state but for the states of high
principal quantum number, our results remain high ac-
curacy, which implies that using H-B-splines basis could
be another effective way to calculate the energy levels of
the high principal quantum number.
4B. STATIC DIPOLE POLARIZABILITIES
In Table III and Table IV, we give the convergence
studies of the polarizabilities of 23S in length and ve-
locity gauges respectively as the number of N and lmax
increasing. The final convergent value in length gauge is
315.6314723(2) which has 3 significant digits more than
315.6315(2) of article [17], moreover, our calculation need
lmax = 4 instead of lmax = 10. In Table V, we list the
relative difference η of the data of Table III and Table IV
in different N and lmax. Obviously, the discrepancy of
polarizabilities in two gauges is smaller and smaller with
N and lmax increasing. When N = 50 and lmax = 4,
the relative difference η = 6 × 10−11. We give the ex-
trapolated results of the 11S − 51S, 23S − 63S states in
two gauges in Table VI, and the relative difference η is
9 × 10−10 at most in these calculations, which fully en-
sured the correctness of our results on convergence. Ta-
ble VI also contains the corresponding results from other
works.
In Table VI, similar to the calculation of energy lev-
els, the numerical accuracy of static dipole polarizabili-
ties is improved obviously compared with B-splines basis
(fourth column). In second and third column, we list
the results of polarizabilities in two gauges respectively.
Obviously, the results of two sets are quite self consis-
tency, and the results arrived 8 significant digits at least.
Comparing with the high accuracy results from doubled
Hylleraas basis (fifth column), one can find that, for the
lower energy states, 11S, 21S, 31S, 23S and 33S, good
agreements are archived in two basis, however, for the
rest states, the results of two basis appear some differ-
ences. Since the two forms mutually verified in our cal-
culations, we think our results are more reliable. As the
significant digits of our results are rarely decreasing with
the raising principle quantum number, this could offer an
efficient way to calculate the static dipole polarizabilities
of Rydberg atoms with high accuracy.
IV. SUMMARY
In this article, we constructed the H-B-splines basis by
coupling and the correlated term r12 = |~r1 − ~r2| to the
traditional B-splines basis. This basis has good capacity
to describe the near region behaviour of the two electrons.
As we have shown in the article, the H-B-splines basis
not only improves the computational accuracy and effi-
ciency about excited states of helium, but also makes the
calculation of the ground state no longer to be the bot-
tleneck of the traditional B-splines basis. On the other
hand, this basis is particularly suitable for the problem
involving continual states as every B-splines in it is high
local.
In our calculations, our results of energy levels and
static dipole polarizabilities of helium arrived 11 and 8
significant digits at least, which are not easy to achieve
by using traditional the B-spline basis. Especially for
polarizabilities, the accuracy of our results is comparable
with the high accuracy results of the doubled Hylleraas
basis, which indicates that H-B-splines basis provides an-
other effective way for the mutual verification of different
basis sets. It’s worth to mention that, since the accuracy
of our results do not deteriorate with the principal quan-
tum number increasing, H-B-splines basis leads another
way to calculate the energy levels and polarizabilities of
Rydberg states of helium-like atoms.
Furthermore, in many computational occasions of
helium-like atoms, the concept of intermediate states ap-
pears frequently, for example, the quadrupole and oc-
tupole polarizabilities and the computation of Bethe Log-
arithms or the black body radiation shifts [20]. Through
the calculations in this article, the validity of H-B-splines
basis about these situations is predictable.
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